Current-induced torque is formulated based on the spin continuity equation. The formulation does not rely on the assumption of separation of local spin and charge degrees of freedom, in contrast to approaches based on the s-d model or mean-field approximation of itinerant ferromagnetism.
I. INTRODUCTION
Spin transfer torque is a torque acting on local spins as a result of an applied current.
Such a torque has been discussed mostly based on s-d type of exchange interaction 1, 2, 3, 4, 5, 6 after the pioneering works by Berger 7, 8 and Slonczewski 9 . In s-d models, the conduction electrons and localized spins are discriminated, and therefore the transfer of spin angular momentum between those two degrees of freedom occurs. However, in reality, this separation of degrees of freedom is not always so obvious, since in an itinerant picture all electronic bands contribute to both conduction and magnetism with different weights. Thus, the formulation of spin torques based on the s-d picture is an approximation, and this is a serious problem when one tries to evaluate current-induced torques in actual materials. For trustful estimates, formulations beyond the simple s-d separation is certainly required. Such a formalism can be combined with first-principles calculations without any artificial assumption and would be useful for realistic estimates of current-induced torques and efficiency of current-induced switching. The aim of this paper is to develop a new calculational scheme satisfying these requirements based on the spin continuity equation.
Theoretical determination of current-induced torques is difficult even in the simplest case of s-d model when spin relaxation and non-adiabaticity is present 4, 5, 10, 11, 12, 13, 14, 15 . So far, very few studies on the effect of spin relaxation due to spin flip scattering by magnetic impurities have been done microscopically 4, 5, 12 . In the s-d formalism, the current-induced torque is represented as the effective field due to the spin polarization of the conduction electron, s. The torque is therefore given as τ (sd) = −J sd S × s, where S is the localized (d) electron spin and J sd is the exchange interaction constant. Microscopic calculation using linear response theory 4, 5 revealed, in agreement with phenomenolocigal result 2 , that spin-flip interaction of conduction electrons with random impurities induces a torque perpendicular to the spin-transfer torque (called β terms 16 ). The torque is written as
where P is the spin polarization of the current and j is the current density. The coefficient β was calculated by summing over not a few Feynman diagrams representing self-energy and vertex corrections 4, 5, 15 .
The case of itinerant ferromagnetism was studied by Tserkovnyak et al. 10 and Duine et al. 12 . They introduced the magnetization as a mean-field expectation value of itinerant electron spin, and thus the models considered were effectivelly the s-d model. Tserkovnyak et al. considered a kinetic equation for the spin density with a consistency condition for the magnetization, but the spin dephasing term was introduced phenomenologically. Duine et al.
estimated the torques by calculating the effective action for the magnetization fluctuation, which has been assumed to be of small amplitude. Within the mean-field treatment, the toruqe in the itinerant case turned out to be exactly the same as that of the s-d model 4, 12 .
It has recently been noticed that the coefficient β is very important for the realization of highly efficient magnetization switching by the current 2, 15, 16, 17 . First, it affects the threshold current, and the intrinsic pinning threshold is replaced by an extrinsic one, which is usually lower than the intrinsic one. Second, it results in a terminal speed of the wall, v ∝ β α j, which can exceed the pure spin-transfer speed limit if
is large (α is Gilbert damping parameter). Third, the deformation of the wall depends on β. When β ∼ α, deformation is suppressed and weak dissipation may be expected 18 . Experimental studies of the value of β have recently been carried out. Significant wall deformation observed in permalloy indicated that β = α 18 . Thomas et al. 19 found for permalloy that the observed wall speed corresponds to β ∼ 8α. Therefore, determination of β is of particular importance for device applications.
In this paper, we will present a microscopic calculation scheme different from the s-d formalism 7, 8 . The idea is simply to use the continuity equation of spin, and thus the formulation is not necessarily based on the s-d interaction picture. The formalism turns out to be quite powerful in particular, for the determination of spin relaxation effect, β. The continuity equation which we consider is essentially the kinetic equation discussed by Tserkovnyak et al. 10 , but all observables have been microscopically defined and can be calculated using our formalism. For instance, spin dephasing time introduced phenomenolocigally in Ref.
10
is represented by the spin source term (T ) defined by Green's function in our formalism.
Microscopic details of this term T turn out to be essential in determining the spin-relaxation induced torque.
Our scheme is applicable also to the s-d model or mean-field approximation of itinerant ferromagnetism. We will use our formalism to obtain the analytical expression of the torques arising from both spin-flip scattering and spin-orbit interaction arising from the impurities in the s-d model in the adiabatic limit. In the present formalism, the number of contributing diagrams is less than the number of diagrams used in the s-d exchange formalism 4, 5 , and thus the calculation is easier.
II. FORMALISM
The spin density s of the total system is defined as the expectation value of conduction electron spin, summed over all bands n as
It satisfies the equation, ṡ 
where e represents the electron charge. Here the spin current j s is defined by the free part
and the spin source (or sink) T is a contribution arising from spin relaxation and interaction,
i.e.,
The continuity equation (3) is sufficient to calculate the torque acting on the spin. Actually, the equation is equivalent to the equation of motion of spin, ṡ = τ , where τ represents the total torque acting on the spin. The torque is thus simply given by
Note that the continuity equation describes the time-dependence of the spin density, and therefore the right-hand side of Eqs. (3) and (6) is uniquely defined even in the presence of spin relaxation, where the spin current can be defined in several different ways, see
Ref. 20 . In the context of spin Hall effect, the continuity equation (3) was used to obtain
proper definition of spin current and to explore transport properties 21, 22, 23 . Concerning the current-induced torques, the equation (6) has been so far applied only in the absence of spin relaxation term, where the torque is given by the divergence of the spin current 24, 25 . The main aim of this paper is to study the spin relaxation contribution, T .
Let us look explicitly at the continuity equation in case of spin relaxation due to spin impurities and spin-orbit interaction, H sr = H sf + H so . Spin flip interaction is described by
where v s is a constant,
, S imp i represents the impurity spin at x = R i and n imp denotes the number of impurity spins. The spin-orbit interaction is written as
where the potential
so is here assumed to arise from random impurities and depends on the spin direction (l).
The spin-relaxation torque is given by a sum of contributions from spin-flip and spin-orbit
The average over random impurity spins and spin-orbit potential is represented by i .
All the terms on the right-hand side of torque Eqs. (6), (9) and (10) are written in terms of local spin density and local spin current, and so the torque acting on the spin is calculated by estimating the spin density and the spin current. This representation of the spin torque applies to any spin relaxation processes and interaction, and is directly calculable without assuming separation of spin and charge degrees of freedoms. Equations (6), (9) and (10) are thus a suitable starting point for realistic estimates based on first-principles calculations.
This is the essential point of this paper (although, ab initio calculations using the present formalism still need to be undertaken).
III. APPLICATION TO THE s-d MODEL
In the latter part of the paper, we will apply this formulation to estimate the currentinduced torques in the adiabatic limit (i.e., slowly varying magnetization compared with conduction electron motion) to show the validity and usefulness of our formalism. We will calculate the torque arising from the spin relaxation due to both the spin flip scattering and the spin-orbit interaction. It is found that the torque is represented by the so called the β term in both cases and values of corresponding β are calculated. Out formulation is thus useful for both the analytical and the numerical studies.
We will now consider s-d model with only one conduction band. (Please note that the assumption of separation of s and d electron here is simply for analytical demonstration and
is not a requirement of present formulation. ) The s-d interaction between a localized spin S and the conduction electrons is given by
We describe the adiabatic limit by the standard local gauge transformation in the spin space, choosing the electron spin quantization axis along S(x, t) at each point. A new
where U is a 2 × 2 matrix which we further define as U(x, t) ≡ m · σ, m being a real three-component unit vector m = sin . The gauge field is written
Then the Hamiltonian of a-electrons is given by the free part, kσ ǫ kσ a † kσ a kσ (ǫ kσ ≡ ǫ k − σM, σ = ± represents the spin), H A , describing the interaction with the SU(2) gauge field, and H em , the interaction with the external electric field which drives the current 1, 15 . Here, we consider static local spins in the adiabatic limit, where the momentum transfered by the gauge field to conduction electrons is negligibly small (compared to k F ), and take into account the gauge field only in linear order. Then, the gauge interaction is given by
The applied electric field is represented by the interaction
where Ω 0 is the frequency of the field chosen as Ω 0 → 0 at the end of calculation.
The spin current part of torque is calculated in the adiabatic limit as
Here, n ≡ S/S and, therefore, this contribution corresponds to the standard spin transfer torque.
A. Torque from spin-flip scattering
Let us turn to the spin relaxation part of the torque arising from spin impurities, i.e., Eq. (9). (The effect of spin relaxation on the spin-current part can be shown to be simply due to modification of lifetime, τ .) Here, we assume that the impurity spins are influenced by a strong s-d exchange field and write S imp α (x) = R αβ (x)S β imp (x), whereS α imp represents impurity spin in the rotated frame, and
is a rotation matrix. Then the averaging is given by S α
, where n imp is the impurity spin concentration. (Averaging taken with respect to S imp turns out to lead to essentially the same result as in the case ofS imp .) The spin source term is written as
where
andG
is the lesser component of the Green's function defined on
Keldysh contour in the complex time. To the lowest (second) order in v s , we obtain after averaging over spin impurities
whereG (0) denotes Green's functions without impurity spins but including the gauge field A and external electric field E. Including these fields in linear order, we obtain
Here, the Green's function g kω is the 
where f (ω) ≡ (e βω + 1) −1 . Similarly, the third contribution in Fig. 1 is obtained as
Noting that only antisymmetric part with respect to β and γ contribute to the torque, these contributions are summed to be
where g To estimete the trace in the spin space, we use general identities which hold for 2 × 2 diagonal matrices B, C, and D (containing only σ z and the identity matrix):
where the components B ± are defined as B = (B + + B − + (B + − B − )σ z )/2, etc. The result for D βγδ µν is then obtained as
where the coefficients are given by
Using
, the torque due to spin-flip is obtained as
The coefficients a and b are calculated as Therefore, the torque induced by the spin relaxation is simply a β term given by
where P ≡ (σ + − σ − )/(σ + + σ − ) is the spin polarization of the current and
Defining the spin-flip lifetime (τ s of Ref.
, we find β sf = /(2Mτ sf ), which agrees with results obtained in Refs. 4, 5 .
B. Torque from spin-orbit interaction
The torque from spin-orbit interaction, Eq. (10), is calculated in a similar way. The spin-orbit interaction is written in the rotated frame as
The spin-orbit contributions to the spin current and the electron density in the rotated frame are obtained as
The torque is then calculated as
In the adiabatic limit we consider, Green's functions are diagonal in wave vectors,G
k , and the integration over x 1 can be carried out treating the slowly varying variables R(x 1 ) and A(x 1 ) as constants, resulting in
We average over spin-orbit impurities so that average remains finite only when the spin polarizations are parallel. Impurity averaging is thus given as
The result of the torque is
The last two terms lead to vanishing contribution in the adiabatic limit. In fact, these are already linear in A and soG (0) does not contain spin-flip conponents, and thus σ z andG
commute each other. We therefore obtain
This contribution is symmetric with respect to β and γ, and results in zero when multiplied by F αβγ µν , which is asymmetric with respect to β and γ. The first term of Eq. (35) can be simplified by using the rotational symmetry of elec-
2 ) ( denotes the angular average), as
We therefore see that the expression is similar to that of spin-flip impurity case, Eq. (18) .
Including the effect of electric field and gauge field to linear oder in both similarly to the spin flip impurity case, we obtain the torque as
where coefficient is given as
The coefficient is calculated as a
. Therefore, spin-orbit interaction yields the β term with coefficient given by
with τ (so) ± as the lifetime due to spin-orbit interaction.
The total current-induced torque in the adiabatic limit is therefore given by Eqs. (14) (28) (29) (40) as
with β sr ≡ β sf + β so .
IV. SUMMARY
In summary, we demonstrated that the spin continuity equation represents the currentinduced torques acting on the magnetization, and that it can be used for microscopic determination of the torques. The present formalism does not assume separation of magnetization and conduction electron degrees of freedom and can directly be applied to itinerant electron systems without mean-field approximation. In this paper, the formalism was applied to the s-d model in the presence of spin relaxation caused due to spin-flip scattering and spin-orbit interaction with impurities. Both relaxation processes were shown to induce the so called β torque term.
Application of the formalism to realistic itinerant system using first principles calculations would be very interesting, since it would allow for quantitative estimations of current-induced switching. Of particular interest are the systems with enhanced spin-orbit interaction near surfaces and multilayers. Our formulation can be easliy extended to describe these systems.
Further improvement of the present theory would be to include effects caused by electronelectron correlation. If the correlation is represented within the mean-field approximation by a local spin-dependent potential, the torque is straightforwardly calculated similarly to the estimate of spin-flip scattering. Treatment beyond mean-field would be an important furture work.
